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Analytical Solutions for Hypersonic Flow Past Slender
Power-Law Bodies at Small Angle of Attack

A. Merlen* and D. Andriamanalinat
Office National d'Etudes et de Recherches Aerospatiales, 59000 Lille, France

Hypersonic flows around axisymmetrical power-law slender bodies are calculated for high, but finite, Mach
numbers and for low angles of attack. This is done by a small perturbation expansion of self-similar solutions
using the equivalence principle. The solutions depend only on the exponent n of the power law defining the body
and on the specific heat ratio 7 of the gas, which is assumed to be perfect and in viscid. These solutions, the shock
equation, the pressure coefficient on the body, and the aerodynamic coefficients are obtained in universal
analytical form and depend on numerical coefficients determined once and for all for each pair (17,7). The effects
of the angle of attack for nonconical noses is an innovation presented here: we observe that the effect of y on
the shift of the shock and on the normal force and pitching coefficients depends, both in its sense and its
intensity, on the shape of the nose cone. Finally, the stream functions are found to generalize Hayes' and
Probstein's entropy correction principle to these three-dimensional flows. The results tabulated in this paper are
intended to be used as test cases for inviscid numerical simulation and comparisons with specific experiments.
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Nomenclature
aerodynamic coefficients defined by Eqs. (41),
(46), (53), (51), and (55), respectively
aerodynamic force components on the obstacle
Mach number
exponent of the law defining the variation of R
and R' as a function of x
center of the maximum cross section (Fig. 1)
pressure, density, and speed of sound,
respectively
shock position
position of body surface
polar coordinates in a plane x - const (Fig. 1)
reference area defined by Eq. (45)
radial and orthoradial components of the
velocity, respectively
freestream velocity
x component of the perturbation velocity
Cartesian coordinates in the physical frame of
reference, in which x lies along the axis of
symmetry of the obstacle
angle of attack
specific heat ratio
variable defined by Eq. (22) expressing the
effects of Pa,
variable defined by Eq. (22) expressing the
effect of OL
dimensionless variable defined by Eq. (23)
dimensionless numbers defined by Eq. (23)
geometric surface of the shock
geometric surface of the obstacle
angles defined in Fig. 1
relative thickness of the body
stream function defined by Eq. (65)
function defined by Eq. (66)
stream function defined by Eq. (63)
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Superscripts
f

- values on the downstream face of the shock
= values on the point where a given streamline

cuts through the shock
= derivative of a function with respect to x and £
= dimensionless quantities for the self-similar

problem
= dimensionless quantities for the incidence

problem
= dimensionless quantities of the /?«, problem
= freestream quantities

= values of/with entropy correction
= values of the body surface
= tabulated values
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I. Introduction

D URING the years from 1955 to 1965, analytical theories
have had a great success in hypersonic aerodynamics.

Because of the spectacular development of computational
techniques, these theories have lost their role as calculation
methods, although they are still useful references for physical
understanding and preliminary analysis.

Consequently, methodological questions rise today within
the aeronautical community. Do the "classical" methods of
theoretical aerodynamics survive in front of the success of
computational fluid dynamics? Do we definitively have to give
up obtaining analytical relations and use the "numerical wind
tunnel" without questions? What will the cultural background
of aerodynamics be made of in the future?

Opinions diverge on the subject. To shed some light on the
dispute, we decided to compare the results of the theoretical,
experimental, and numerical approaches in a case of three-di-
mensional hypersonic flow. This paper presents the theoretical
part of this research.

There are few examples of analytical solutions to three-di-
mensional hypersonic flows, even for an inviscid perfect gas in
an adiabatic flow. The only case that has been gone into in any
depth, though, is that of the circular cone. Cheng1 solved this
problem with the Newtonian approximation, and Doty and
Rasmussen2 found constant-density solutions.

The reader will find here analytical solutions for a more
extensive class of simple bodies, i.e., axisymmetric power-law
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bodies. Chernyi,3 Mirels,4 and Guiraud5 discussed at length
the axisymmetric flow around these bodies in the framework
of the equivalence principle for an infinite Mach number.
Kubota6 extended the results of finite Mach numbers by intro-
ducing a perturbation in the basic solution. Lees7 and Ya-
suhara8 discussed the viscous correction. But only Mirels4

produced a rough modeling of the flow with a nose cone at
incidence, in the form of a perturbation of the shock shape
and the nose cone. No further work seems to have been done
on this modeling.

We should also recall the works of Mirels4 and Guiraud5 on
the physical validity of solutions stemming from the equiva-
lence principle for power-law bodies. These theoretical results
can be summed up roughly by considering that the equivalence
principle yields good results for pressures on the obstacle if the
power-law exponent n is given a value between 2A and 1 . The
experiments of Kubota6 confirm these values. Hayes and
Probstein9 emphasized the poor description it provides of the
blunting and of the consequences the blunting has on the
density at the body surface. However, they do show that, if
the stream function is known, the entropy really acquired at
the passage through the shock can be reassigned to each
streamline to correct the density thusly. To extend this princi-
ple to the three-dimensional flow discussed here, the two
stream functions of the flow had to be determined analyti-
cally. These, as well as the universal functions giving the local
properties within the flow, are given for the first time in
tabular form in the present paper, for three (n, 7) pairs.

All of these results apply to sufficiently slender bodies. The
experimental findings of Kubota6 and the second-order small
perturbation calculations of Townsend10 show that the condi-
tion RX < 1 is sufficient. On the other hand, by broadening the
range of bodies treated, the present theory loses one degree of
freedom with respect to that of Doty and Rasmussen, whose
theory can apply for any value of M^T because, for the cone,
the conditions on the shock only depend on the cone angle.
Here, the decoupling of the M& and a effects requires that

II. Formulation
The gas is assumed to be inviscid and thermodynamically

perfect, having the specific heat ratio 7. The equation of the
body E ' is

(1)2U

In a hypersonic configuration, the flow is contained in a thin
layer between the shock and the body, and if (7 - 1) is assumed
to be of the order of unity, it is natural to assume that the
physical quantities in this layer are of the order of their value
ahead of the shock. Except for the blunted area, which is very
small if 1 > /2 > % , the angle a formed by the tangent to the
shock in the plane (V^, Vc) and the direction of V^ verifies the
following hypotheses:

2 a< 1
(2)

sin2 a> 1

sin

Voo

Fig. 1 Notations.

The equation of the shock E is r = R(xtO). Using the hy-
potheses (2) and assuming a low angle of attack defined by

l a l ^ l (3)

the conditions across the shock can be written in the linearized
form:

2 1
PC 7+1

2PooF2sin2a/ 7-l 1
7+1

1 — 27 M£ sin2

Vc = K. [1 +

1

Mi sin2 or
0((72)]

(4)

(5)

(6)

(7)

in which \l/c is the angle (Vw, Vc}. So we can easily give the
order of magnitude of the unknowns:

(8)

(9)

(10)

(11)

where we have let V = (V^ + w,u,v). With these orders of
magnitude, we know3'6'10'11 that the system of equations can be
put in degenerate form:

x + - (rpu)r + - (pv)e = 0r r

v v2 1
UUr + - U6 - — + ~ Pr = 0r r p

v uv 1
uvr + - ve + — + — pe = 0

r r pr

PV0

(12)

(13)

(14)

(15)

with one further decoupled equation for the longitudinal per-
turbation velocity:

(16)

By calculating sin a as a function of R and of the angle of
attack ce, we have more generally

Rx cos a f tan oc . 1sin a= 1-——— (cos B-m sin 0)
,_(17)

in which Rx = (dR/dx) and m = (l/R)(dR/dd). With hypothe-
ses (2) and (3) and neglecting «2-order terms, the most general
form of R is R =R°(x) + aRl(x,0) + Q(a2). The function R1

necessarily depends on x, or else Rx would be independent of
a. For shocks sufficiently regular in shape, if hypothesis (3) is
verified, Eq. (17) reduces to

sin a = (18)
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So it can be seen that, independent of the value of R®, the
condition (3) reveals the effect of a. in the form of an expan-
sion in the variable ot/R%. If R% is of order one or higher, the
terms in a/R° become negligible for the same reason as the
terms in a. For this reason, only that part of the shock
corresponding to the slender body hypothesis is sensitive to the
incidence effects. Then we need write no more than

sin a = (19)

We will see later that, despite the low values of a considered
here, the effect of the incidence is far from negligible.

The definition of M*, Af£ = (pooV^/ypa*) shows that, under
hypothesis (2), the conditions across the shock depend on p^
only by way of a linear disturbance in (l/M^R2) (Ref. 6).

The base flow is assumed to be given correctly by the
self-similar solutions provided by the equivalence principle,
for which the equation of the shock is given by

_ rL (x
~

(20)

in which £6 is a positive constant, less than unity. Dimensional
analysis and order of magnitude considerations11 show that R
can be written as

1
>(«, 7)

The same result holds for all unknowns of the problem apart
from the fact that they also depend on r, which introduces a
dimensionless variable £ proportional to (r/rL) (L/x)n.

The conditions across the shock can be used to determine
explicitly the 0 dependency of the function of subscript I.11

Finally, by taking as variables

ax A ,and f= (21)

we write the solution in the form

R = cos

u=

rL \x

2nV00 r
7+1 x

cos (22)

v =
7+1

.
i sin 0)

7+1p = — - PC»(PO + I?PI cos e + fp2)7-1

2n2p V2 r2
—— OL_» ^ cos0 +

7+1 x2

We see that £ varies between 1 + 77^ cos 0 + f£2 on £ and £6 on
E'. The terms of subscript 0, 1, and 2 are functions of £,
except for £o, £ i > and £2, which are constants, and £0» which is
introduced for the shock equation to be written £ = 1 in the
self-similar solution. Small disturbance hypotheses are ex-
pressed by

and f<^l (23)

III. Solution
The solution (23) must verify the general equations for any

value of 6, 77, and f. It is observed that the equations are
identically verified for any 6, which validates the form (23)
and reduces the problem to three ordinary differential sys-
tems. This gives us the problem of the noninstantaneous ex-
plosion of an infinite rectilinear wire for the variables of
subscript 0, which we can put in the form11:

(24)
dw0

d log

where
PQZo = y —
Po

and the G functions are given by

(25)

(7-l)Zo-2l MO-

2

(7+l)X 2

,2«0
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For the functions of subscript 1, we find that the problem is
verified for any 6 ifw

7+1

l)(PoMi + P.«o) - i = 0

-J J£3P0v. MO - ~-J (7 + l)£2PoV, + f

7-1
(26)

( UQ-~—— )
\ L / J J$

~2n

where we have let

Po
Pi Pi
——— ——
Po 7Po

(27)

For the terms of subscript 2, we have

(
2 w0\ •)B,^

/ 7+l
I "0 ———~

H 1,
(2g)

7+1

where we have let

f / (7+l)MPow2 + p2( w0 — '- —— ) =0I \ 2n /J

P2—
Po

P2
~
Po

(29)

The difficulty in solving this resides in the fact that the
initial integration conditions of the systems (25), (27), and (29)
are given on the shock, the position of which is one of the
unknowns of the problem. To get around this difficulty, let us
make the variable change:

(30)

the derivatives in £ of the equations of system (25). The
advantage of this change of variable is therefore that it reduces
the conditions on the shock to | = 1 without changing the
systems to be solved. We will thus have, in | = 1,

and (31)

1 -n y- 1

_ 7 + l
:*1~ 2n
2(1-n) _2

n l n

(32)

and

(33)

On the order of approximation chosen here, the functions
P/(£)» A(£)» w/(£), and v/(£) for i = 1,2 can be identified with
the calculated functions p/(f), p/(i)» w/(|), and Vi(|). On the
other hand, for the base flow, taking p0 as an example,
we have p0(£), Po(i) + &(rj%i cos 0 + f£2)p0|, in which A =
($ - £6)/(l ~ £6)- Finally, we will give the results in the form

r «T irM"-1 * * .1w = ———— M l — I FOO(WO + i?w i cos a + fw2)
L(7+i)€6JLW J

V = sin
(34)

P = ——-poo(p* + r/P*cos
7-1

P -
2(n-l)

cos

in which the starred quantities are the following functions of |:

Po*(l) = Po(l)

In fact, | is the zeroth-order approximation of £, equal to one
on the shock and to £6 °n the body. The previous systems of
equations, written in |, remain formally identical because the
order-one terms in 77 and f introduced by the expansions of the
system (25) are identically zero since they are proportional to

) = I2P2(I) +
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Equation (31) yields £.
The constant £<$ is obtained by assigning the nonpenetra-

tion condition to the surface for the base solution «0(£6) =
(7 + l)/2. The equivalence principle is used for calculating £0.
By expressing the identity between the released energy per unit
length of explosive wire and the obstacle drag for the self-sim-
ilar solution, we get

(35)

Analogous formulas were obtained by Merlen and Dyment for
the noninstantaneous finite point explosion.14

We get the missing equations for ̂  and £2 by expressing the
resultant of the forces along the x axis on an element d£' of
the surface £' bounded by two infinitely close planes x - const
and by a plane angle of d0 (Fig. 2). This is calculated first by
integrating the pressures over d£' and then applying the mo-
mentum theorem to the volume element contiguous to dE',
bounded by the same plane angle and the same planes as dD'
and by the shock (Fig. 2):

(36)i (pV)VnaS=-i\ pndS

Considering the approximations, as well as Eqs. (23), (16),
and the mass conservation equation

(pV)n dS=0

we find after a few intricate calculations

J i
(37)

which is equivalent to Eq. (36)

(' [(3«-
JS6 L

2n
7+]

(P2 + P2«02

_XzIn,«4 =

2

(7Po + Po«o2)vi l3d| + 2(3«-

7+ 1

(38)

(39)

The problem comes down to obtaining the zeros of the func-
tions E\ and E2, which is solved by a Newton method. The
conditions on the shock provide a coupling between these
functions and the differential systems, which are integrated by
a Runge-Kutta method.

I (shock)

IV. Aerodynamic Coefficients
Starting with the definition

Cn =
P' ~P<X

V2PO.V2 (40)

we get

CP =
(2n-

7+1 \L

^/ T P6 \A

2
P2- (41)

The calculation shows that to get a correct value for Cp it is
not quite right to identify f with its first appproximation
^ = (4^2/Mlr2)(x/L)2(n-l\ In fact, as the values for ̂  are
very small compared with unity, the expression for f can be
assimilated to ^(n^/R^l{1 + [2(2-rt)£2/«]f)). Solving
this equation, we get

fo (42)

Considering this formula and writing Eq. (42) in the form

cos 6
r

' 7 + 1 \L P2-

we get the values of Cpo and Cpl in Tables 1-3, for 7= 1.4 and
« = 1, 3/4, and 2/3.

The nose drag, without considering the base, is defined by

(43)
o o

and we define the drag coefficient by

We take as reference area the maximum cross section of the
nose, which is

(44)

(45)

(46)

If we write

Cx0 is a constant given by Cxo = (l/27r£64£o) and tne effect of

Poo is given by

(47)

The numerical data for the same three noses and 7=1.4 can be
found in Tables 1-3.

Each slice of the obstacle defined by x = const contributes to
the drag, the distribution of which per unit length along the x
axis can be given in a first approximation by

Fig. 2 Integration domain for Eq. (36).
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Table 1 Numerical values for n = 0.6667 and 7 = 1.4

{
1.0000
0.9764
0.9579
0.9431
0.9309
0.9208
0.9123
0.9050
0.8988
0.8911
0.8867
0.8811
0.8751
0.8703
0.8647
0.8599
0.8550
0.8502
0.8456
0.8410
0.8388

P?
1.0000
0.8528
0.7485
0.6699
0.6080
0.5577
0.5158
0.4802
0.4495
0.4106
0.3884
0.3594
0.3270
0.3001
0.2673
0.2370
0.2041
0.1670
0.1244
0.0672
0.0036

u*0
1.0000
0.9936
0.9906
0.9894
0.9891
0.9894
0.9900
0.9907
0.9915
0.9927
0.9935
0.9946
0.9960
0.9971
0.9986
0.9999
.0013
.0028
.0043
.0058
.0065

PO*

1.0000
0.9292
0.8831
0.8511
0.8279
0.8106
0.7972
0.7867
0.7782
0.7685
0.7634
0.7573
0.7513
0.7469
0.7422
0.7386
0.7355
0.7328
0.7308
0.7294
0.7291

*o
-0.2000
-0.1483
-0.1140
-0.0899
-0.0724
-0.0593
-0.0493
-0.0414
-0.0352
-0.0280
-0.0243
-0.0199
-0.0155
-0.0123
-0.0090
-0.0065
-0.0043
-0.0025
-0.0011
- 0.0002
0.0000

.*!

0.0000
0.1940
0.3460
0.4699
0.5739
0.6632
0.7413
0.8109
0.8736
0.9580
1.0091
1.0800
1.1662
.2456
.3562
All I
.6413
.8952
2.3655
3.9687
68.4753

£o
£6
£1
€2
Cpo
Cpi

Table

P!
0.0000

-0.4860
-0.7416
-0.8841
-0.9653
-1.0107
-1.0344
-1.0444
-1.0455
-1.0371
-1.0274
-1.0094
-0.9822
-0.9539
-0.9125
-0.8676
-0.8113
-0.7383
-0.6415
-0.4838
0.0000 -

0.9567
0.8388
0.1450
0.9323
0.1918

-1.1514

2 Numerical

ttf
0.5175
0.4333
0.3727
0.3271
0.2913
0.2626
0.2391
0.2195
0.2028
0.1821
0.1705
0.1557
0.1395
0.1264
0.1109
0.0970
0.0823
0.0664
0.0488
0.0259
0.0014

values

vf
- .6550
- .5380
- .4555
- .3959
- .3529
- .3227
- .3024
- .2901
-1.2845
-1.2859
-1.2922
-1.3082
-1.3344
-1.3794
-1.4515
-1.5492
-1.7058
-1.9824
-2.5453
-4.5526
-83.6417

CxQ

Cx2
Cz/a
Cm/a
ZA/La

forw=0.75

P* *i
-2.5650 0.1820
-2.6704 0.1928
-2.7127 0.1833
-2.7277 0.1678
-2.7301 0.1512
-2.7266 0.1356
-2.7205 0.1214
-2.7132 0.1089
-2.7058 0.0979
-2.6950 0.0840
-2.6884 0.0761
-2.6795 0.0660
-2.6693 0.0553
-2.6608 0.0468
-2.6509 0.0372
-2.6422 0.0292
-2.6337 0.0215
-2.6253 0.0142
-2.6178 0.0077
-2.6113 0.0021
-2.6089 0.0000

0.3822
0.107
1.725
0.739

- 0.600

and 7 = 1.4

P!
-11.2500
-7.0816
-4.6025
-3.0091
-1.9294
-1.1691
-0.6198
-0.2132
0.0926
0.4204
0.5774
0.7490
0.8962
0.9832
1.0464
1.0633
1.0317
0.9556
0.7959

-0.4804
0.0000

"2*

-0.3854
-0.3820
-0.3698
-0.3528
-0.3336
-0.3136
-0.2939
-0.2749
-0.2510
-0.2324
-0.2175
-0.1972
-0.1738
-0.1539
-0.1296
-0.1076
-0.0845
-0.0604
-0.0363
-0.0120
0.0002

P2*

3.4078
3.6259
3.6681
3.6460
3.6002
3.5474
3.4949
3.4456
3.4006
3.3411
3.3077
3.2638
3.2163
3.1789
3.1366
3.1018
3.0693
3.0399
3.0161
2.9995
2.9957

*2

-0.3729
-0.5322
-0.5548
-0.5273
-0.4827
- 0.4344
-0.3880
-0.3455
-0.3077
-0.2591
-0.2317
-0.1969
-0.1600
-0.1315
-0.0999
-0.0744
-0.0510
-0.0303
-0.0138
-0.0026
0.0000

Po* v P P? P
1.0000
0.9848
0.9717
0.9604
0.9507
0.9422
0.9348
0.9284
0.9228
0.9178
0.9135
0.9097
0.9048
0.9007
0.8963
0.8913
0.8871
0.8830
0.8191
0.8751

1.0000
0.9366
0.8821
0.8343
0.7919
0.7540
0.7197
0.6885
0.6600
0.6338
0.6097
0.5873
0.5566
0.5289
0.4960
0.4534
0.4120
0.3600
0.2897
0.0076

1.0000
1.0030
1.0063
1.0096
1.0128
1.0159
1.0189
1.0216
1.0241
1.0264
1.0285
1.0304
1.0329
1.0351
1.0375
1.0403
1.0427
1.0452
1.0476
1.0501

1.0000
0.9732
0.9518
0.9345
0.9202
0.9084
0.8985
0.8902
0.8832
0.8773
0.8722
0.8678
0.8625
0.8582
0.8537
0.8490
0.8454
0.8421
0.8395
0.8377

-0.2000
-0.1648
-0.1369
-0.1145
-0.0963
-0.0815
-0.0693
-0.0591
-0.0507
-0.0436
-0.0377
-0.0327
-0.0266
-0.0218
-0.0169
-0.0118
-0.0080
-0.0046
-0.0019
0.0000

0.0000
0.1233
0.2338
0.3335
0.4242
0.5069
0.5829
0.6530
0.7179
0.7782
0.8344
0.8872
0.9605
1.0279
1.1102
1.2213
1.3372
1.5004
1.7798
53.2545

£o
£6
fi
2̂
CpQ

Cpi

0.0000 0.2893
-0.1936 0.2476
-0.3375 0.2138
-0.4466 0.1861
-0.5304 0.1630
-0.5955 0.1436
-0.6463 0.1272
-0.6861 0.1133
-0.7173 0.1013
-0.7417 0.0909
-0.7606 0.0820
-0.7752 0.0741
-0.7905 0.0642
-0.7998 0.0560
-0.8054 0.0471
-0.8041 0.0370
-0.7937 0.0287
-0.7681 0.0202
-0.7112 0.0115
0.0000 0.0000

0.9166
0.8751
0.0170
0.8073
0.2564

-1.4285

- .5830
- .5026
- .4332
- .3731
- .3211
- .2761
- .2373
- .2041
-1.1759
-1.1521
-1.1323
-1.1161
-1.0977
-1.0857
-1.0779
-1.0807
-1.1007
-1.1574
-1.3165
-45.2322

QcO
Cx2
Cz/a
Cm/a
ZA/La

-2.6214 0.2218
-2.6645 0.2039
-2.6906 0.1850
-2.7059 0.1664
-2.7143 0.1490
-2.7183 0.1331
-2.7193 0.1187
-2.7186 0.1058
-2.7167 0.0944
-2.7141 0.0842
-2.7112 0.0753
-2.7082 0.0674
-2.7037 0.0572
-2.6994 0.0488
-2.6943 0.0397
-2.6881 0.0295
-2.6826 0.0214
-2.6768 0.0134
-2.6714 0.0062
-2.6665 0.0000

0.385
0.202
1.907
0.763

- 0.693

-8.8889
-7.4496
-6.2905
-5.3405
-4.5510
-3.8876
-3.3251
-2.8445
-2.4311
-2.0737
-1.1631
-1.4921
-1.1471
-0.8624
-0.5563
-0.2144
0.0607
0.3255
0.5439
0.0000

-0.4323
-0.4031
-0.3737
-0.3450
-0.3117
-0.2916
-0.2673
-0.2447
-0.2239
-0.2048
-0.1874
-0.1714
-0.1501
-0.1317
-0.1109
- 0.0864
-0.0656
-0.0438
-0.0224
-0.0000

2.4370
2.5145
2.5604
2.5853
2.5963
2.5979
2.5933
2.5848
2.5740
2.5619
2.5492
2.5366
2.5183
2.5014
2.4814
2.4570
2.4359
2.4141
2.3938
2.3773

-0.3229
-0.3652
-0.3765
-0.3698
-0.3529
-0.3308
-0.3062
-0.2812
-0.2567
-0.2374
-0.2117
-1.1917
-0.1649
-0.1418
-0.1160
-0.0865
-0.0622
-0.0382
-0.0168
0.0000

The point of application b of the drag on each slice is defined
by

7 fbjx

In the integral on the right, only the subscript 1 terms do not
cancel out, so we get

t=ctx- (48)

Calculating this shows that p\ is negative, so the drag is
applied below the x axis if a. is positive. The ordinate of the

point A at which the aerodynamic forces are applied is given
by

whence

FxzA = zbfxJ o

(2n-l)Lp{S(>ZA = ———— ——— a
4n- 1 PQ

(49)

So there exists a drag-induced pitching moment. By taking Sref
and L as the reference area and length, and with the axis
conventions of Fig. 1, we can calculate the coefficient Cmx of
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Table 3 Numerical values for n = 1.00 and 7 = 1.4

P<$ P? uf v? p? P*2

1.0000 1.0000
0.9962 1.0031
0.9925
0.9888
0.9851
0.9814
0.9777
0.9741
0.9705
0.9669
0.9633
0.9598
0.9563
0.9528
0.9493
0.9459
0.9425
0.9392
0.9358
0.9325
0.9293

.0059

.0087

.0113

.0137

.0160

.0181

.0201

.0220

.0237

.0253

.0268

.0281

.0293

.0304

.0314

.0323

.0330

.0337

.0342
0.9260 1.0346
0.9228 1.0349
0.9196 1.0351
0.9165 1.0352
0.9149 1.0352

1.0000
1.0044
1.0087
1.0130
1.0172
1.0214
1.0256
1.0297
1.0338
.0379
.0419
.0459
.0499
.0539
.0578
.0617
.0656
.0695
.0733
1.0772
1.0810
1.0848
1.0885
1.0923
1.0960
1.0979

1.0000
1.0043
1.0083
1.0122
1.0158
1.0192
1.0224
1.0254
1.0283
1.0309
1.0333
1.0356
1.0377
1.0396
1.0413
1.0429
1.0442
1.0455
1.0465
1.0474
1.0482
1.0488
1.0492
1.0495
1.0497
1.0497

-0.2000
-0.1910
-0.1820
-0.1731
-0.1643
-0.1554
-0.1467
-0.1380
-0.1294
-0.1209
-0.1125
-0.1041
-0.0958
-0.0877
-0.0795
-0.0715
-0.0636
-0.0558
- 0.0480
-0.0404
-0.0328
-0.0254
-0.0180
-0.0101
-0.0036
-0.0000

0.0000
0.0240
0.0487
0.0743
0.1008
0.1285
0.1570
0.1866
0.2175
0.2499
0.2836
0.3190
0.3562
0.3956
0.4377
0.4824
0.5306
0.5830
0.6410
0.7055
0.7792
0.8664
0.9153
1.1274
1.4103

£o
£6
fi
£2
CpQ

cpl

0.0000 0.1467
-0.0056 0.1394
-0.0107 0.1322
-0.0156 0.1251
-0.0200 0.1182
-0.0241 0.1113
-0.0279 0.1046
-0.0314 0.0980
-0.0347 0.0916
-0.0376 0.0852
-0.0403 0.0789
-0.0427 0.0728
-0.0449 0.0667
-0.0469 0.0608
-0.0486 0.0550
-0.0501 0.0493
-0.0514 0.0437
-0.0524 0.0382
-0.0533 0.0329
-0.0539 0.0277
-0.0543 0.0226
-0.0545 0.0177
-0.0545 0.0129
-0.0543 0.0084
-0.0538 0.0041
-0.0534 0.0021

0.8120
0.9149

-0.0533
0.4569
0.5225

-2.0372

-1.2533
-1.2376
-1.2214
-1.2047
- .1874
- .1694
- .1509
- .1316
- .1117
- .0909
- .0693
- .0469
- .0234
-0.9989
-0.9729
-0.9457
-0.9168
-0.8860
-0.8527
-0.8168
-0.7772
-0.7327
-0.6810
-0.6167
-0.5231
-0.3992

Cx0
Cx2
CZ/OL
Cm/0i
ZA/La

-2.1066 0.0213
-2.1183 0.0196
-2.1293 0.0180
-2.1397 0.0164
-2.1494 0.0149
-2.1586 0.0134
-2.1672 0.0121
-2.1752 0.0108
-2.1826 0.0096
-2.1895 0.0084
-2.1959 0.0073
-2.2017 0.0064
-2.2070 0.0054
-2.2118 0.0046
-2.2162 0.0038
-2.2201 0.0031
-2.2235 0.0025
-2.2265 0.0019
-2.2291 0.0014
-2.2313 0.0010
-2.2331 0.0007
-2.2344 0.0004
-2.2355 0.0002
-2.2361 0.0001
-2.2365 0.0000
-2.2365 0.0000

0.5225
-0.038
2.038
0.679

- 0.650

-5.0000
-4.9554
-4.9140
-4.8756
-4.8399
-4.8067
-4.7761
-4.7479
-4.7219
- 4.6979
-4.6760
-4.6561
-4.6380
-4.6217
-4.6069
-4.5940
-4.5826
-4.5727
-4.5643
-4.5573
-4.5518
-4.5477
-4.5448
-4.5433
-4.5431
-4.5435

-0.5431
-0.5138
-0.4852
-0.4572
-0.4298
-0.4027
-0.3762
-0.3501
-0.3244
-0.2988
-0.2736
-0.2487
-0.2241
-0.1996
-0.1751
-0.1509
-0.1268
-0.1028
-0.0787
-0.0548
-0.0309
-0.0071
0.0168
0.0409
0.0649
0.0769

0.7710
0.7953
0.8183
0.8401
0.8607
0.8801
0.8983
0.9154
0.9313
0.9463
0.9600
0.9727
0.9843
0.9949
1.0046
1.0131
1.0206
1.0271
1.0326
1.0371
1.0406
1.0431
1.0447
1.0452
1.0447
1.0441

-0.0914
-0.0837
-0.0764
-0.0695
-0.0628
-0.0565
-0.0506
-0.0450
-0.0398
-0.0349
-0.0303
-0.0261
-0.0223
-0.0187
-0.0155
-0.0126
-0.0100
-0.0077
-0.0058
-0.0041
-0.0027
-0.0016
-0.0008
-0.0003
0.0000
0.0000

this moment about the y axis or any axis parallel to it and
intersecting the x axis. We get

(50)

We can see that Cmx is of the order of ar2.
The lift is obtained by the equation

f 2 * j > L
Fz= ~ \ P 'R ' cos 6 djc d0

Jo Jo
(51)

where only the subscript 1 term is nonzero. With the same
reference quantities as for the drag, we get

Cz = -
7+1

(52)

which is positive if a is, since PI is negative.
By calculating the pitching moment due to the lift, we get

the abscissa at which the moment is applied:

2nL
(53)

The pitching coefficient with respect to the point OL (Fig. 2) is
easily found from Eqs. (53) and (54):

(54)

This coefficient is positive with a, which confirms the conven-
tion of a positive pitching-up moment in the (OL,Xi,y\,z\)
reference frame. We see that Cmx is negligible compared with
Cm. For the three previous nose cones, and for 7=1.4, the
numerical values of Cx and Cm are given in Tables 1-3.

V. Stream Functions
The effect of the nose blunting on the mass density at the

surface is included by using the entropy correction of Hayes
and Probstein in an axisymmetrical or two-dimensional con-
figuration, let us recall the principle by letting xf be the ab-
scissa of the point P where a given streamline cuts through the
shock. In the framework of the equivalence principle,9 we can
write the value of (p/py) on the shock at */ (Fig. 3) in the form

2(7-
TTT^T tan °i

whereas the straight shock equations must yield

p 2(7- l^F2 . 22

(55)

(56)

If the error induced by substituting Eq. (56) for Eq. (57) in
area II is no greater than the approximation error, the entropy
of the streamlines in area III is much greater in the modeling
than it is in reality. The experiment9 as well as certain theoret-
ical considerations5'11 show, as we have seen, that the pressure
in area III can be considered, for slightly blunted bodies, equal
to the pressure on the body and, for this reason, only p has to
be corrected. Comparing Eqs. (56) and (57) suggests the fol-
lowing correction9'11:

/cos a\2/T

P = P\———)
\COS (7//

(57)

For the self-similar solution, using the relation between a, the
first approximation of R [Ro(x)] and the stream function, we
get p = Kp with

-7)] Pot "o~ i(y + D/2])£2 1/7

(58)
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We see that K is constant along a given streamline, varying
only by negligible terms.

The expression for p remains finite and nonzero in £ = £6-
Substituting p for p, we get a corrected solution that has the
same precision for slightly blunted bodies as the self-similar
solution, but for which the temperature T remains finite at the
surface of the body. In fact, this solution assumes that the
shock is a power-law shock and that the stream function
remains valid through area I. This fact requires that the body
shape be adapted in area I. Nevertheless the principle of the
previous correction can be generalized by assigning to the
streamlines of area III the entropy that they really have just
downstream of area I, which should therefore be calculated
independently of the hypotheses of the equivalence principle.
However, for slight blunting, these corrections are equivalent.
As a matter of fact, the result on the obstacle is always the
same since it corresponds to the streamlines passing through
the stagnation point where the entropy jump is at its maxi-
mum, and it is found by letting a/ = ?r/2. For this reason, and
considering the thinness of area III, the correction (59) is a
very realistic approximation.

Similarly, the subscript 1 and 2 expansions are consistent
only if pi and/?2 are determined correctly. Yet in Eqs. (27) and
(29), PO appears only in the form of the products p0«i, PoVi,
and p0«2- So it must be concluded that these quantities are also
determined correctly by our solutions and that the entropy
correction also applies to «i, Vi, and u2 such that poWi = p0Wi,
etc. Thus we let u\ = u\/K, v\ = v\/K, and u2 = u2/K. In fact,
this is equivalent to assuming that, in the expression for u and
v of Eq. (23), we substitute rj = rj/K and 1= $/K for rj and f .

To generalize the entropy correction to the three-dimen-
sional case treated here, we have to find two stream functions
to determine the coordinates ;c/ and 0/ of point P.

The method for finding the stream function for the self-sim-
ilar flow is based on dimensional analysis and can be found in
Ref. 15. This can also be applied to find the complete solution,
if the body is at zero incidence. The only difference stems
from the fact that the dimensional considerations are no
longer sufficient, since the flow is no longer self similar. So the
form of the stream function as a function of f must be antici-
pated. It is reasonable to look for it in the form \l/ = \l/o + l\l/2-
Considering the fact that K is constant on a given streamline,
it is easy to show that

1 7+1
———

P2

is a stream function.
As soon as the nose is placed at incidence, axisymmetry

disappears and the streamlines are no longer two dimensional
except for the planes 0 = 0 and TT, where v is zero. For these
special cases, the method described for a. = 0 again applies. We
are led to

2n

= T Po «o-

7+
~

7+1
(59)

in which ^5 is a dimensionless form of the stream function in
the plane of symmetry.

For the other values of 0, the equation of the streamlines is
obtained by integrating

dx dr rdO

R(x,)

Fig. 3 Structure of the flow. Area I is the flow around the blunted
nose. Area II is composed by the streamlines that have crossed the
shock with a small deviation. Area III is the wake of area I.

which, in dimensionless form, becomes

7+1
7+1

d6 =
7+1

cos

dx
sin 6 —

x

Any quantity /that is conserved along a given streamline must
therefore verify

7+1
dx 7+1

2/1 ij a/+ — — - v l sin (9— = 0
7+1* dB

(60)

We get the general function ¥ by letting ty = tysQ(0) and
looking for the function Q for which ̂  verifies Eq. (61). Using
the order-one mass conservation equation given in Eq. (27)
and the order-zero equation, we can verify that ^ is a dimen-
sionless Lagrangian variable if Q= Isin0l2/z/(1 + w). So for i
or

\2n
(61)

This function is constant along a streamline. On the shock
(Fig. 3), we get

" . | (2n/l + n)

x l cos Of (62)

which yields a first equation relating J, 0, and x to */ and 0/.
At the zero order, the second stream function is obviously

$ = 0. We look for the form $ = 0 + Tj<l>i(£) sin 0. Writing Eq.
(61) for this function $>, we get a first-order inhomogeneous
differential equation for $>!. Choosing $i = 0 on the shock,
and using Eq. (62), the solution yields

sin 0 (63)
with

2 [ 2 / 7+lV2l(1-:

h=-—— -——Pol «o——T-)£1-71.1-7 V 2 / J

1-7'Pol «o--
7 + 1 f n)/2n

(64)

Equation (65) solves the problem of determining 0/ for given
jc, 0, and J so Eq. (63) can be considered as having a single
unknown ;c/ and can be solved with no great difficulty.
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To generalize the entropy correction for application here, we now have only to give an exact explicit value of cos o at all points
on the shock or

cos2 a = -

To determine cos a/, this formula has to be applied to #/ and
0/. In fact, we only have to calculate (x/L)n~l from Eq. (64)
for given x, 6, and £, as 0/ is known from Eq. (65). To do so,
we have to solve Eq. (64) which, considering the expressions
for rj and f given in Eq. (22) because K = 1 on the shock, leads
to

1
COS 0;(

1-7

It is seen that (x/L)*71-1* is a solution of a second-order equa-
tion whose constant term is negative. So there exists only one
positive solution giving us the quantity we are looking for. In
the tables, V will be written in the form ^ = ̂ 0 + ̂ i cos
0 + ?^2 in which each term is a function of |.

VI. Results and Discussion
We should first compare our results with others already

published. Kubota6 gives R in the form R/R ' =A [1 +B(x/
L)2(1-w)/M^r2]. The identification with our model yields
A =l/£6 and # = £2£6- For 7 =1.4, the comparisons are given
in Table 4.

It is observed that the value of £2 is greater in our calcula-
tion, which brings our results somewhat closer to the experi-
mental data.6 This is partly explained by precision problems,
but mainly by the way the subscript 2 problem is solved.
Kubota solved it by Sakurai's linearization technique, in
which the problem closure is given by the condition p' - 0. Yet
this condition is very sensitive to the correct determination of
£o because of the high values of po| m the vicinity of £6- The
integral condition (40) necessarily leads to p' = 0 but is not as
sensitive to this singularity in the flow.

If we now compare our results for n = 1 with those of Doty
and Rasmussen, we can compare %\ directly with the parame-
ter g of these authors. For 7=1.4, we find ^=-0.0533
whereas they obtain £ t = -0.057 for M^r— oo. The difference
is minimal and is explained by the fact that we do not use the
assumption of constant mass density in the flow. This is
verified at 3.5% by the self-similar solution (Table 2). For the
coefficient Cz/a, we get 2.038, as against 2.041 for the con-
stant-density solution and 2.044 for Cheng's Newtonian limit.

In the calculation of CxQ, our results are identified with
those of Cernyi.3. That is, we find a minimum for Cx0 for
« «0.77 //7>0.1. The value of Cx0 is very sensitive to varia-
tions in 7, as Fig. 4a shows. Figure 4 also shows that the
minimum tends to be reabsorbed when the subscript 2 term is
taken into account. For a value of Mwr- 3.62 corresponding
to Kubota's experiments, this local minimum has disappeared,
so it is a phenomenon typical of high hypersonics that should
not be very convenient to confirm experimentally and even less
so in that it is only a part of the total nose drag.

Table 4 Comparison with Kubota 7 = 1,4

Present calculation
n
1
3/4
2/3

£6
0.9149
0.8751
0.8388

£2
0.4569
0.8073
0.9323

Kubota

£6
0.9157
0.8749
0.8389

£2
0.3959
0.6767
0.7928

cos 6
(65)

Figure 5 shows the results for Q and Cm. There aerody-
namic coefficients depend closely on the shape of the body. It
is observed that the curves all cross in the vicinity of the value

Y = 1.33
K=6.3

K = 3.62

Y=1.4

0.6 0.7 0.8 0.9 1.0 1.1 o.s 0.7 0.8 0.9 1.0 1.

b)a)

Fig. 4 Drag coefficient vs power-law exponent; a) effect of 7 for
Moo = oo, b) effect of MOOT on the minimum drag.

2.1,CZ/CX

1.9

0.9 Cm la

0.6

b) 0.6 0.8 1.0

Fig. 5 Lift and pitch coefficients; a) lift coefficient vs power-law
exponent, b) pitch coefficient vs power-law exponent.

0.0

-0.1
0.6 0.8 1.0

a =0

^^r—a>0

Fig. 6 Incidence effect on the shock position.
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a = 0.1

Y=1.4

T = 0.47

C) d)

Fig. 7 Stream surfaces; a) streamline in the symmetry plane for
n =0.7, b) stream surface $ in the plane x -L for n =0.7, c) and d)
stream surfaces $ in the plane x =L for n = I with Moo and 25.

n = 0.75 a = 0.05 rd

y=1.4 Moo=7-7

T = 0.47
X / L r O . 1

r / R . r / R
-1.0 -0.9 -0.8 0.7 0.8 0.9 1.0 -1.0 -0.9 -0.8 0.7 0.8 0.9 1.0

v x / L = 1.0 1.0Al
x / L = 0.lNS" °'6

0.2

-1.0 -0.9 -0.8 ).7 0.8 0.9 1.0

r / R
-1.0 -0.9 -0.8 0.7 0.8 0.9 1.0

Fig. 8 Repartitions of the flow variables in the shock layer.

n = n *. The tendencies are reversed to either side of this criti-
cal value, which corresponds approximately to the Cm maxi-
mum and for which the variations in 7 do not seem to have
any influence on the lifting problem. This observation may be
correlated with the variation of the shock position with a,
which is illustrated by the $-\(n) function presented in Fig. 6.
We do in fact see that the shift of the shock position between
the cases a = 0 and a > 0 is of opposite direction according to
n is greater or smaller than n* «0.75. Here we come across a
phenomenon analogous to what Doty and Rasmussen found
for the cone, for which the direction of shift of the shock is
reversed for a precise value of M^T. Here, the direction of this
shift depends on the blunted nose size characterized by n.

Doty and Ramussen's results can most likely be extrapo-
lated to power-law bodies, which means that the direction of
shock shift cannot be changed by increasing M^r for noses
such that 2A <n <«*«0.75, whereas this is possible for
A2>0.75. Let us point out that this special nose, ««0.75,
which undergoes no shock shift in a first approximation, is
also the nose for which the displacement thickness of the
boundary layer follows the same power law as the body.6 So it
seems that, under the hypothesis of weak interaction, the
viscous effects are not capable of modifying the results ob-
tained here since they can be considered as a simple increase in
T in this case. The very small variation in the shock position,
in particular for noses such that n >0.75, shows that the grids
in a numerical "shock capturing" approach must be very
dense for the phenomenon to be observed. This extreme sensi-
tivity of the phenomena could explain some discrepancy be-
tween numerical results and some experimental difficulties.

To conclude, Figs. 7a-7d offer examples of stream func-
tions for 7 = 1.4. For l<y<2 and 2A <n < 1, the functions ¥5
have qualitatively the same aspect as those presented in Fig.
7a. The function <i> can be interpreted as the trace, at
x = const, of the stream surfaces, which are meridian planes
outside of the shock. Figure 7c and 7d compare the stream
surfaces $ for the cone at two different Mach numbers. The
effect of the Mach number on the thickness of the shock layer
is obvious; moreover, the shift of the shock position for a>0
can easily be observed. For 7 = 1.2 the only difference with the
cases presented in Figs. 7a-7d is a thinner shock layer. This
flow structure stems from the appearance of a radial and a

longitudinal component of the vorticity in the meridian plane.
These components are of the order of ot/Rx, as is the distur-
bance of the third component normal to the meridian plane.

Tables 1-3 give solutions for 7=1.4 for the three noses
treated earlier. A broader set of solutions is given by Andria-
manalina.13 Figure 8 gives an example of the distributions of
the local quantities obtained this way. Let us point our, how-
ever, that this theory does not yield good values for p if M^r
is not at least of the order of 10, though this does not affect
the results concerning the effect of a.11

VII. Conclusion
Since the work presented here is the first phase of more

ambitious research, the conclusion of this paper will merely
point out how we will use the present results in the next stages
of our approach.

At first, our analytical solutions will be compared with
specific experimental tests on three slender power-law bodies
at Mo, = 10. The thickness ratio T is equal to 0.4 for the three
values of the power-law exponent «=0.67, «=0.75, and
n - 1. The wind tunnel has been chosen to insure laminar weak
interaction and no real gas effect. Measurements of pressure
on the bodies and forces will be performed for a<0.1. The
shock position will be obtained by different visualization tech-
niques such as shadowgraphs, Schlieren, and differential stri-
oinferometry. This last technique allows the quantitative mea-
surement of the density field in the shock layer.17 These tests
are soon to be performed.

Differences or analogies between experiments and theory
will give a correct evaluation of the accuracy of our hypothe-
ses. For example, we will be able to evaluate the downstream
effect of the blunted nose in the case n =0.75 since the weak
viscous interaction reduces to a small increase of r but does
not change the power law of the effective body. Consequently,
if differences appear between experiment and theory, they
have to be caused by the bluntness effect.

In a second phase, if our theoretical solution and the exper-
iments are sufficiently close, the results of different numerical
methods for the Euler equations will be compared with the
theoretical field. Since the stream functions problem has been
solved analytically, which is not very common for three-di-
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mensional flows, our theory allows comparison with theoreti-
cal stream lines.

Apart from these comparisons, our research continues in
two main directions. For one part, an extension of this theory
for the three-dimensional boundary-layer equations is to be
achieved.18 The other way is the use of our solutions for new
wave-riders design. Actually, a straightforward means to cre-
ate a wave rider from one of our solutions is to use a surface
$ = Of« 45 deg for the wing and build an air intake with two
symmetrical $ = 0/« 160-deg surfaces and one iso-^. Figures
7a-7d give a good idea of such possibilities. But, since the flow
surfaces depend on a and M*,, the shape of the airplane will
only be adapted to particular flight conditions. In Figs. 7a-7d,
it can be noticed also that the sign of the curvature of the iso-$
surfaces depends on n. So, if $ = 0/= 45 deg is chosen for the
wing, its shape will be different for the conical wave rider
(n = 1) and the more blunted one (n =0.7).

Nevertheless, these further developments of the theory are
linked to the demonstration of the accuracy of our theoretical
results with the experiments.
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